A quantum theory of cosmological perturbations is based on the action of Einstein gravity with matter expanded to quadratic order around a background solution of the eld equations. If, in the Schroedinger picture, the wave function is assumed to factorize such that each factor is a function of only a nite number of degrees of freedom (e g Fourier components of the elds) all gauge constraints can be solved explicitly. This generalizes previous gauge-invariant quantizations while clarifying their limited scope. The result is cast into the more convenient Heisenberg picture. It can be found directly from the Lagrangian, the Hamiltonian approach serving only as a justi cation. The concept of a Fock vacuum is generalized to several linear but coupled degrees of freedom.
Introduction
The study of vacuum uctuations in cosmology is motivated by the idea that the existence of structure such as galaxies may be a direct consequence of the uncertainty principle in conjunction with a period of in ation in the early universe.
In this paper I consider quantum perturbations of the matter and metric on a classical background solution, without a semiclassical backreaction. The background is assumed to be of minisuperspace type, which I de ne as a spacetime with matter elds possessing so much symmetry that there is a preferred coordinate system. In consequence it typically has a nite number of degrees of freedom, which I denote by Q A (t). The standard example is Friedmann-Robertson-Walker (FRW) space with a homogeneous scalar eld, but by leaving the minisuperspace generic I avoid unnecessary technicalities. The quantum theory is based on canonical quantization of the action of gravity plus matter, expanded to quadratic order in perturbations q a (x; t) without any symmetries around the background . The linear order vanishes as the background is assumed to obey the eld equations. This purely quadratic action gives rise to a linear eld theory.
Linear equations of motion can always be decoupled, and therefore the quadratic action can be written as
L n (q n ; _ q n ; t) dt = X n S n t; q n (t)];
where n is a discrete or continuous in nite label. S n = S n (t) denotes the explicit timedependence of the action arising from the classical background solution. The q a have been decomposed as q a (x; t) = P n q a n (t)G n (x; t). On any homogeneous spacetime background the G n (x; t) are the harmonics G n (x) with respect to the induced 3-metric on 2 t-hypersurfaces, because these are automatically orthogonal under square integration. On FRW spaces the G n (x) are known Hawking 1985, D'Eath and Halliwell 1987 ). On at FRW space they are just exp iñx. The su x n also includes a split into scalar, vector and tensor perturbations with respect to the background 3-metric, which arises naturally from the \Fourier" decomposition.
As in full, non-linearized gravity, some eld components i , those which do not lie within the t-hypersurfaces, have vanishing conjugate momenta and play the role of Lagrange multipliers in the action. The Hamiltonian is therefore of the form H = X n H n (p n ; q n ; t) + X n;i i n H n i (p n ; q n ; t): (2) H is quadratic in the p and q or . The H n are therefore quadratic in the p n and q n .
The H n i are linear in the p n and q n , and constrained to vanish by the i n . Note that, in contrast to full gravity, even the lapse constraint is linear, while the Hamiltonian has a nonvanishing (quadratic) part. 
Equations (1-4) summarize our premises.
The principal remaining problem is now the gauge-invariance of (even linearized) gravity, i e the fact that it contains unphysical degrees of freedom which correspond only to (small) changes in the identi cation of points in the perturbed spacetime with coordinate points and hence points in the unperturbed background spacetime. In the Schroedinger picture these are in principle eliminated by the (linearized) lapse and shift constraints H n i . For a closed FRW universe with a single scalar eld the constraints were given by Halliwell and Hawking (1985) and solved by Shirai and Wada (1988) . That solution is complicated by the use of two di erent methods for solving the lapse and the shift constraints and is best reviewed in an appendix.
If we quantize the action (1) in the Heisenberg picture, all operators obey the classical evolution and constraint equations. The eld operators can therefore be written as products of complex classical solutions, called the mode functions, and annihilation and creation operators: q a (x; t) = X n;r G n (x; t)q ar n (t)a nr + G n (x; t)q ar n (t)a y nr
where a nr ; a y n 0 r 0 ] = rr 0 nn 0 . The problem is now that there cannot be as many di erent a r as there are q a for each n, or the constraints could not be satis ed. The question is then how the q a are connected with the a r . An approximate answer has been used in most of the literature on in ation up to the present day, following Starobinsky (1982 ), Hawking (1982 , Guth and Pi (1982) and Bardeen et al (1983) . It is to link the a r one-to-one with the perturbations of the scalar elds (matter elds) present, and the metric perturbations implicitly to the a r via their links to the matter elds. (See Salopek et al (1989) for a clear statement of this approach.) It is incorrect as the canonical momentum of a scalar eld is its time derivative _ plus metric perturbations.
The correct Heisenberg quantization was found by Mukhanov (1988) for the particular case of a scalar eld on at FRW space (See also Mukanov et al 1990) . He found that when one substitutes the classical constraints H n i = 0 (in my notation) back into the action (1), it can be expressed in terms of a single degree of freedom, v. The action in v is just the action of a minimally coupled scalar eld on Minkowski space with a time-dependent mass, making quantization obvious. It is not obvious that such a reduced action can be made the basis of a quantum theory. Furthermore the variable v was introduced ad hoc. In Mukhanov's example there is at least one other variable, u, in which the reduced action can also be expressed entirely (Deruelle, Gundlach and Polarski 1992) , and its equation of motion is of the same form as that of v.
In my general treatment in section 2 I assume that the wave function in the Schroedinger picture factorizes in the q n . Under this assumption I show that solving the lapse and shift constraints (and any other gauge constraints) does indeed correspond to reducing the phase space by means of a canonical transformation. The new Hamiltonian depends only on the true degrees of freedom. These can be uniquely characterized as linear combinations of the old degrees of freedom which are both linearly gauge-invariant in the classical sense of Bardeen (1980) and which contain only the spatial part of vector and tensor elds with respect to the time coordinate of the Schroedinger equation. In practice the true degrees of freedom can be de ned and the reduced action be obtained directly from the action, after a choice of time variable has been made. The Hamiltonian framework is only needed at the formal level, as a justi cation.
Why a Hamiltonian/ Schroedinger picture approach at all? The solution of the gaugeproblem lies in gauge-invariant variables, which arise naturally in section 2. But generalizations of Bardeen's (1980) perturbation variables make sense only around a background with a preferred coordinate system. This in turns makes Hamiltonian methods useful.
In section 3 I take the quantum theory of the true degrees of freedom over to the usual Heisenberg picture, and construct a class of states which are of interest in cosmology, and which can be characterized as the semiclassical, Gaussian, or Fock vacuum states. These are a generalization of the usual Fock vacua, which arise because there may be more than one true degree of freedom per n, for example if there are two or more scalar elds present.
Section 4 contains my conclusions.
My notation is as follows: Q A is a minisuperspace (background) coordinate, and P A its conjugate momentum. q a n is a perturbation coordinate, where n denotes a spatial Fourier component or its generalization, and p an is its conjugate momentum. i n is the perturbation of a Lagrange multiplier. An alternative set of coordinates to the fq a n g is fy a n g fv r n ; f i n g. Here the index a ranges over the same values as the indices r and i together, and i has the same range on i n and f i n . v and f denote the true and the pure gauge degrees of freedom, while y is the common name for both. The notation v r is used in generalization of the v of Mukhanov (1988) , and \vrai" and \faux" can serve as a mnemonic aid for v and f. 6 2. The true quantum degrees of freedom
We shall now assume that the wave function is of the form (q; t) = Y n n (q n ; t): (6) This is assumed in most previous work, enforced by technical di culty if not by other considerations. One should be aware that (6) is a genuine restriction on the quantum state j i. In particular, h jq a n q b m j i = h n jq a n j n ih b m jq m j m i = 0: for n 6 = m:
(7) does not hold for the two-particle state (a ry n + a sy m )j0i, where a ry n and a sy m are the usual creation operators in the Heisenberg picture and j0i is the ground state (compare equation (5).) Therefore (6) excludes typical particle states. It does include the class of states which we construct in section 4. The assumption (6) simpli es the Schroedinger equation and constraints to ?i @ @t + H n (p n ; q n ; t) n (q n ; t) = 0;
H n i n = 0 for all i (9) for each n. Formulated like this, the task at hand is straightforward, brought to light from under an interpretation in terms of spacetime and gauge freedom. Part of the simplicity, namely the linearity in both q and p (or ?i@=@q) derives of course from the fact that we have assumed a classical background.
Because of the nite number of degrees of freedom the quantization with constraints can be replaced by a classical solution of the constraints, leading to N true degrees of freedom, prior to quantization. The equivalence will be shown at the end of this section.
Here and in the following section we are looking at one value of n at a time, and therefore we suppress the su x n for clarity, except in H n and H n i , which need to be distinguished from the total Hamiltonian H. The constraints are
We make a canonical transformation H n (t; p; q) ! H n (t; ; y) such that the i are identical with the constraints, the y i f i are pure gauge, and the remaining y r v r are completely unconstrained. The generating function is 
In H the old variables q a and p a must be replaced using (17) and the inverse of (18,19), p a = r X r a + j ? ij f i X j a :
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We nd further that J ia p a + K i a q a = ij j ; (22) so that the constraints (10) are replaced by i = O for r = 1:::M in the new phase space coordinates, which was the purpose of this transformation. When the r are set equal to zero, that is, when the constraints are enforced, H n of equation (20) 
Here the rst equality is Hamilton's principle and the second follows from (16). The third equality holds because we can choose phase space coordinates such that H i = i , so that the the explicit time derivative vanishes and the Poisson bracket becomes simply a fundamental one. If H n i = O is enforced to hold at all times, its (total) time derivative must also vanish. Therefore H n can contain an f i only when it is multiplied by a j . With j = 0 all f i -dependence vanishes from H GIP n . We come back to the quantum theory and an important outstanding point, the equivalence of Dirac quantizing the linear constraints and solving them prior to quantization. In a choice of phase space coordinates in which the constraints are i = 0, the Schroedinger wave function (q) cannot depend on the f i . Dirac quantization of the constraints H i n = 0 leads us to the restriction of the wavefunction ( are. In our framework they appear as the solutions to the system of linear equations (13).
The calculation in this section not only justi es this Lagrangian shortcut, but also indicates what the true degrees of freedom are. They must be i) gauge-invariant in the classical sense reviewed above, i.e. they must be among (the generalizations of) Bardeen's gauge-invariant perturbations. This is precisely the meaning of equation (13) with v r X r a q a . They must also ii) not contain the lapse and shift perturbations, or any other i n which arise from matter gauge elds. These requirements x the set of v r uniquely.
We have provided a way of nding the true degrees of freedom v for a very general background and matter elds, and a justi cation of Mukhanov's reduced-Lagrangian shortcut, although strictly speaking only for quantum states of the form (6). A canonical transformation to solve the constraints rst used by Shirai and Wada (1988) (see the appendix).
Heisenberg picture and Fock vacua
We now take the Schroedinger equation (25) However, this seems impractical even for N = 2, as one obtains nonlinear matrix di erential equations. We therefore quantize in the coordinates y at hand. In cosmology, one typically considers a preferred quantum state. We construct a set of preferred solutions, which can be characterized equivalently as the Fock vacua, Gaussian states or WKB states. This set has N(N + 1) real parameters. The ground state at any given time is part of the set.
In order to simplify expressions we slightly change our notation from the preceding sections: Throughout we consider one \Fourier" component n at a time and suppress the su x n everywhere. We forget about the existence of the f and go back to denoting v and v by the standard q and p. We also suppress the indices a and write the column vector q a as q and the row vector p a as p t , so that the contraction q a p a bcomes p t q or q t p.
Here 
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The Hamilton equations arise again as the Heisenberg equations. We now separate the time evolution and noncommutativity aspects by de ning (t) = (t) 0 : (31) p 0 and q 0 are time-independent operators, while is a time-dependent matrix of numbers.
then obeys the matrix equation
is real if is hermitian; and if we impose the commutation relations (30) also on 0 , must be symplectic,
De ning 0 such (0) = 0 , or (0) = 1, would be a possible choice, but we may consider any other symplectic initial value for (0). 
and can be parametrized as = P P Q Q ; = p 2 Re P Im P Re Q Im Q ;
14 where the matrices P and Q are subject to the conditions (46) and (47) are constraints on the possible values (39) can take, while (44) and (45) give R and T in terms of these values.
The parameters A and B are not independent. We can reparametrize them together by a complex symmetric matrix Z, de ned as
The symmetry of Z is precisely equivalent to (46). We are justi ed in labelling the Fock vacua j0i as jZi.
(To be precise we should say that the free parameter is the initial value of Z at some xed time.) We have chosen Z because both because it contains no unphysical parameters and because it allows an intuitive description of the class of Fock vacua either as the class of Gaussian states or the class of WKB states. These concepts are of course de ned in the Schroedinger picture, to which we go over now.
One obtains the Schroedinger picture from the Heisenberg picture through a timedependent unitary transformation on Hilbert space. As the states become time-dependent, so must the annihilation operators, as equation (40) 
The Heisenberg state j i is replaced by the wave function (q; t). In the following we remain in the Schroedinger picture and from now on q denotes q S . The Fock vacuum jZi in particular has the wave function Z (q; t) = exp ? 1 2 f(t) + i 2 q t Z(t)q : 
we nd that a S (t) Z (q; t) = 0. Hence Z is a Fock vacuum, but now parametrized by the physical parameter Z rather than by P and Q, which contain the unphysical U(N) factor. 
and hence hZjqp t jZi = hZjqq t jZiZ = 1
These expressions follow also from (39) (40) (41) (42) 47, 49 ).
An important motivation for considering Fock vacua for the states of linearized perturbations in cosmology is that they coincide with the semiclassical states, as we show now. It is clear that a classical action, or solution of the Hamilton-Jacobi equation, must be quadratic in the q, as the Hamiltonian is derived from a quadratic action functional. In fact, S cl (q; t) = 1 2 q t Z(t)q (61) obeys the Hamilton-Jacobi equation 
S cl (q f ; t f ) is therefore the classical action, up to t = t f , of the solution q cl which goes through q = q f at t = t f , q cl (q f ; t f ; t) = Q (t)Q (t f ) ?1 q f : (64) q cl is realized as a superposition of column vectors of Q (t). Such a superposition exists uniquely as Q and P are invertible. 
Conclusions
I have given a treatment of one-loop quantum gravity (or free quantum eld theory in curved spacetime including linearized gravity) around a minisuperspace solution without backreaction terms. The constraints are solved by nding the true degrees of freedom before quantization. As we have assumed the factor ansatz (6) for the wave function, so that we are dealing only with a nite number of degrees of freedom at a time, the quantization given here is unique. It is an improvement on the approximate quantization schemes still prevalent in the literature on quantum uctuations in in ation, and both a justi cation { although only for this form of the wave function! { and a generalization of the quantization scheme of Mukhanov (1988) .
The new approach has already been used on a previously unattempted problem, namely to quantize the perturbations of extended chaotic in ation (Deruelle, Gundlach and Langlois 1992a, b) , where there are two true degrees of freedom.
Technically the gauge-invariant approch relies on the existence of coordinates q n for a given background spacetime which split the action into an in nite sum of noninteracting terms. These coordinates exist for FRW background spacetimes (D'Eath and Halliwell 1987) . It should be possible to construct them also on other homogeneous background spacetimes, where they are just the spatial harmonics. This would include not only homogeneous cosmologies, but also, for example, bubble nucleation instantons. In principle they exist for any background.
The gauge-invariant approach trades gauge-invariance for covariance: The actions associated with the Hamiltonians for each component v n cannot be reassembled into a covariant action for a eld v. This happens at least for the true degree of freedom v arising from a single scalar eld on K = ?1 or K = +1 FRW space (Hawking et al 1992 , see also Shirai and Wada 1988 ).
Noncovariance will make it impossible to renormalize a quantum energy momentum tensor based on the true degrees of freedom by the standard covariant methods (Birrell and Davies 1982) . From a pragmatic point of view, this is no great loss: i)There are arguments that the approximation of a classical background is only valid to the extent to which the backreaction is small. ii) The interesting quantity to compare with cosmological observation is not the energy-momentum tensor, which arises from the quantum mechanical two-point function at the coincidence point. Rather it is Fourier components of the twopoint functions on length scales interesting for the formation of cosmological structure.
One may therefore disregard the ultraviolet divergence which must be dealt with in the stress tensor, as any renormalization prescription a ects only the very short wavelength components of the two-point functions.
Appendix: Previous solutions of the constraints
The canonical transformation of section 2 has two predecessors. The rst one is instructive to review for the following reason: To solve the perturbative lapse and shift constraints, we had to use the semiclassical limit for the background fQ A g. This is not surprising, as the true degrees of freedom v left behind must be among the generalizations of the gauge-invariant perturbations that Bardeen (1980) has constructed for a FRW background.
Although among those one can nd enough linear combinations which depend only on the q a n and not on the lapse and shift perturbations i n , their coe cients contain time derivatives of the background Q A . But time derivatives have a meaning only for a classical background. Vice versa, the solution of the shift constraints alone should not require the semiclassical limit, because it only corresponds to nding the true degrees of freedom within a single t-hypersurface.
These considerations are con rmed by the existence of the following approximate solution, given by Wada(1986) , of the shift constraint, say of the scalar sector. The shift constraints of general relativity are linear in the momenta. This also holds for the midisuperspace ansatz, so that the shift constraints must be linear in either P or p. can be neglected with respect to the terms in square brackets, which are of O( ). In this method it is unclear what the meaning of the Q is and therefore how to obtain the gauge-dependent quantitites back after quantization. The \ Q method" of solving the shift constraints was used by Wada (1986) for the closed FRW background with a cosmological constant, and with a single scalar matter eld by Shirai and Wada (1988) . There it is accidentally possible to make all four terms in (A.5) vanish.
The other predecessor was rst used by Halliwell and Hawking (1985) , for the same background, but for the vector perturbations (called c n there). As these are already pure gauge, the point transformation part of our canonical transformation is trivial. The shift in their momenta is obtained by making the wave function a Gaussian where the exponent is ? 1 2 ij f i f j . A p = ?i@=@q acting on a Gaussian becomes a q. What Halliwell and Hawking call the \ground state" is really only the source of the last term in the canonical transformation (19). This \gauge Gaussian" method was applied to the scalar lapse constraint by Shirai and Wada (1988) , after solving the shift constraints by the Q method. In that approach some of the terms in what is H GIP n in our notation arise as changes in the background Hamiltonian H 0 (Q; P) due to the pure point transformation from Q; q to Q; q, which changes all partial derivatives and hence momenta. Our approach is equivalent in the nal form of H GIP n , but perhaps clearer, as it independent of the background quantization.
